by using an analytical or a numerical approach. Analytical methods allow quick computation, but suffer from poor accuracy and are usually limited to simple geometries [5] to [7] . In contrast, a finite element analysis (FEA) can obtain accurate results, but requires substantial computational resources [8] to [10] . The most time-consuming part in this multiphysics analysis is the electromagnetic transient simulation, which can be replaced with the computationally efficient field reconstruction method (FRM).
The FRM utilizes the field generated by one stator slot and a permanent magnet (PM) over one pole to construct the entire field distribution in the air gap [11] . Therefore, by using the FRM, the magnetic flux density for an arbitrary stator current excitation can be reconstructed efficiently. Sutthiphornsombat et al. [12] used the FRM to compute the electromagnetic forces and employed an optimization method to minimize the force pulsation and consequently reduce the acoustic noise. However, the coupling between the electromagnetic and the structural model was not involved. Furthermore, Torregrossa et al. [13] proposed an efficient computational model for a fast
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and accurate calculation of the electromagnetically induced vibrations in a PMSM using the FRM and knowledge of the mechanical impulse response. The vibration response was calculated with a convolution of the excitation force and the mechanical impulse response, which could be better handled directly in the frequency domain by using a frequency-response matrix.
The listed investigations show the great usefulness of the FRM, which reduces the computation time compared to the FEA, but is only applicable within the linear magnetic region of ferromagnetic materials [11] . To consider the magnetic saturation and slotting effects, an extended field reconstruction method (EFRM) was recently introduced by Gu et al. [14] , where the field density distribution in the air gap can be reconstructed by using a set of pre-calculated basis functions. Comparisons with the FEA showed that the EFRM has an acceptable accuracy and takes significantly less time to compute [14] . However, there is a lack of vibro-acoustic investigations using the EFRM, which could expand the usage of previously investigated FRM-based methods.
The aim of this investigation is to establish a fast multiphysics numerical modeling of the structure-borne noise at PWM excitation. The proposed method is programmed with our own code and includes FEA imports, necessary for the EFRM and the structural model calculations. The manuscript is organized as follows. Section 1 presents the conventional method to simulate the structure-borne noise at PWM excitation with the multiphysics FEA. Section 2 presents the steps of the proposed fast multiphysics numerical simulation method, based on the EFRM and the modal decomposition. Section 3 shows the case study and the validation of the proposed method with the FEA. Section 4 shows the parametric study at different PWM excitations to emphasize the computational efficiency. Section 5 draws the conclusions.
SIMULATION USING FINITE ELEMENT ANALYSES
The conventional method to simulate structure-borne noise at PWM excitation, which is used later to compare the results to the newly proposed approach, is made with a multiphysics FEA containing all these domains: • Electronic model: controlling the power electronics to generate a 3-phase PWM voltage excitation. • Electrical model: the voltage excitation will cause electrical currents in the 3-phase windings, inducing spatially distributed electromagnetic flux waves in the air-gap of the motor. • Electromagnetic model: the induced rotating flux density waves will cause both the tangential and radial force components generating the motor torque and unwanted vibrations. • Structural model: the response of the structure depends on the frequency harmonics of the electromagnetic forces and the corresponding structural behavior of the motor. • Acoustic model: surface vibrations will cause the pressure variations in the surrounding air, leading to radiated acoustic noise. Different models can be weakly coupled since there is no significant feedback from the mechanical domain to the electromagnetic domain, and also none from the acoustic domain to the mechanical domain [15] . The case study presented in Section 3 is modelled with the commercial software package ANSYS 18.1 using the following modules:
Simplorer and Maxwell
A co-simulation with Maxwell and Simplorer is used to link the electromagnetic model with the electrical circuit for a 3-phase voltage-source inverter, as shown in Fig. 1 . Transient simulation at PWM voltage excitation demands a small time step (≤ 1 μs) to obtain the well-discretized PWM voltage pulses and, therefore, the appropriate frequency domain of the electromagnetic forces. To analyze the machine in a steady state, a transient simulation must accomplish at least a few electric cycles (at least 3 for the case study in Section 3). The electromagnetic forces acting on the tips of the stator's teeth are calculated within the last simulation cycle and transformed in the frequency domain for further analyses. 
Modal and Harmonic Response
The Modal analysis and Harmonic response modules are used to couple the electromagnetic forces and the structural model, resulting in vibrational and acoustic responses, as shown in Fig. 2 . The Modal analysis of the 3D mechanical model is used to obtain the structural dynamics parameters, i.e., the mode shapes, mode frequencies and mode damping, which represent the basis for further response calculations. By importing the modal results and the excitation magnetic forces, the vibration-velocity response is calculated with the Harmonic response module using the mode-superposition method. Finally, the vibration-velocity response of all the external surfaces is imported into another Harmonic Response module to simulate the acoustics and to calculate the sound power level of the structure-borne noise. 
FAST MULTIPHYSICS SIMULATION METHOD, BASED ON EFRM AND MODAL DECOMPOSITION
As the conventional FEA multiphysics simulation is time consuming, an efficient multiphysics method, combining the EFRM and modal decomposition, is proposed in this investigation. The EFRM has been used to model the electric and electromagnetic domains, while the vibration velocity is calculated with the mechanical response model, defined by the modal decomposition. This approach requires some data pre-calculation from the FEA, but then the structure-borne noise at custom PWM excitation can be predicted efficiently.
Custom PWM Excitation
The PWM time domain presents a sequence of positive and negative voltage pulses, which result in a broadband frequency excitation. The program code to generate the PWM phase excitations (u a , u b , u c ) for different PWM parameters, i.e., carrier type, carrier frequency, fundamental frequency and amplitude, was developed from scratch [4] . The PWM excitation frequency contents involve the fundamental component f 1 with additional switching harmonics at the frequencies f h [16] :
where n = 1, 2, 3, ..., and f c is the carrier frequency. When n is odd, k = ±2, ±4, ..., and when n is even, k = ±1, ±5, ... Fig. 3 shows the voltage harmonics for sine-triangle PWM with the fundamental at 100 Hz and the carrier frequency at 3000 Hz. 
where u d , u q are the d and q components of the stator voltage vector, θ is the angle between the stator fixed a axis and the rotor rotating d axis. The vector representation of the transformation is presented in Fig. 4 , where ω e is the synchronous electrical speed. The a axis points towards the center of the flux linkage A, the d axis is pointed at the center of the PM, and the q axis is defined as being 90 electrical degrees ahead of the d axis. 
where i d , i q , L d , L q , L dq , L qd are the d and q axis currents, self and mutual inductances, respectively. R s is the phase resistance, ψ m is the flux linkage due to the permanent magnets and p = d/dt. Like in [18] , we used the field components in the air gap to estimate the flux linkages, which can be calculated by integrating the radial flux density B n under each stator phase i [18] and [19] : 
where P represents the number of magnetic pole pairs, N is the number of conductors in each coil, L sk is the stack length and r is the radius of the closed contour in the air-gap. Furthermore, the values of ψ d and ψ q can be defined using the transformation matrix, Eq. (3). The incremental self and mutual inductances can be then determined according to Eq. (6):
As shown in Section 2.3, the magnetic flux density can be reconstructed using the EFRM. Therefore, the flux linkages and inductances can also be calculated with Eqs. (3), (5) and (6) . Lastly the custom PWM voltage excitation causes the transient currents i d and i q , which can be numerically calculated step-bystep using the electrical model, Eq. (4) together with magnetic coupling, which is included via the EFRM based flux linkages and inductances.
Magnetic Field Reconstruction with EFRM
The FRM enables an efficient calculation of the normal and tangential flux densities in the air gap, assuming that the ferromagnetic material operates in a linear magnetic region. This is not the case for an interior mounted PMSM (IPMSM), which includes the saturation effect. The latter can be considered with an extended FRM, introduced by Gu et al. [14] . Unlike the traditional FRM, the EFRM considers the stator and rotor flux at the same time. The flux linkage in the air gap is decoupled into the d and q axis fluxes and the saturation effects in these two directions are modeled independently [19] . 
As seen from Eq. (8), the EFRM reconstructs the flux density components B n and B t by summing their d and q contributions, Eq. (7) . These are treated separately and depend on the flux density distributions along the air-gap contour, which are pre-calculated with FEA and stored as a basis functions. The latter represent a look-up table including B dn , B qn , B dt , B qt distributions along the air-gap contour at different rotor positions to take into account the spatial machine harmonics and different I d or I q current levels to consider the saturation effect. With the basis functions, the magnetic field density distribution at any rotor position with any current values lower than rated can be interpolated and rebuilt according to Eq. (8).
Electromagnetic Forces
The electromagnetic forces in electrical machines can be calculated with the Maxwell stress tensor (MST) method, which provides a detailed local force distribution. According to the MST, the tangential and normal force densities in the air gap can be expressed as [11] and [12] : 
where μ 0 is the permeability of air. The cumulative tangential and radial forces acting on the tip of each stator tooth k can be computed by integrating the force density components Eqs. (9) and (10) over the respective surface area S k :
Vibration Response Using Modal Decomposition
The dynamics of an arbitrary system with N degrees of freedom (DOF) is determined by the equation of motion in the time domain [20] :
where M, D, K are the mass, damping and stiffness matrices, x(t) is the displacement,  x t ( ) is the velocity and  x t ( ) is the acceleration vector. The excitation forces are denoted by f(t). Using a Fourier transformation, Eq. (13) can be transformed into the frequency domain as:
where ω represents the angular velocity, i the imaginary unit and X(ω), F(ω) the response and excitation vectors in the frequency domain, whose amplitudes are complex numbers characterizing the amplitude as well as the phase delay. Eq. (14) can be further rewritten into the response model [21] : 
The individual displacement FRF H jk (ω) of a response point j to an excitation at point k is defined as [20] :
where r A jk = ϕ jr ϕ kr is the modal constant, ϕ r is the massnormalized eigenvector of mode r, λ r are the system eigen-values containing the angular eigenfrequencies ω r and the damping ratios ζ r according to:
The formulation of Eq. (17) indicates the modal decomposition, where the response equals the sum of the modes (λ r , r A jk ) and their complex conjugates (λ * r , r A * jk ). Finally, the vibration velocity vector ν(ω), i.e., the time derivative of the displacement vector X(ω) is expressed in the frequency domain using Eq.
A-Weighted Airborne Sound Power Level
The A-weighted airborne sound power radiated by a machine caused by the structure vibrations of its outer surface P A is determined with ISO/TS 7849-1 [22] :
where σ represents the radiation efficiency, ρ is the air density, c is the speed of sound in the air, and v a 2 is the squared spatial average of the A-weighted vibration velocity component perpendicular to the outer surface of the machine S. Eq. (20) can be rewritten for the surface segments S j and their A-weighted normal velocity components ν aj and thus the A-weighted sound power level L WA can be calculated with Eq. (21), where the reference value P 0 is 10 -12 W: 
CASE STUDY: PWM EXCITATION OF THE IPMSM
Section 2 shows the steps of the proposed method, which are programmed with our own code and used in the case study. This method requires a pre-calculation of the basis functions and the modal parameters, which are imported from the commercial FEA, but afterwards the effect of different PWM excitation cases can be evaluated within a few seconds. To prove the credibility of the proposed method, the same case study is also set up with commercial FEA tools, presented in Section 1. Then the results of both approaches are compared, and the main advantage of the proposed method, i.e., computational efficiency, is emphasized. All the calculations are made on the same desktop computer with an Intel Core i7 2.5-GHz CPU and 16 GB RAM. The IPMSM used for the case study involves partial magnetic saturation, which can be considered with the EFRM. The main parameters of the used IPMSM are listed in Table 1 . The rated value of the phase current is 3.6 A; therefore, the basis function is obtained at different I d and I q values, within ±5 A. Details of the 2D electromagnetic and 3D mechanical models are presented in Sections 3.1 and 3.2. 
2D Electromagnetic Model
Fig . 5 shows the 2D electromagnetic finite element (FE) model. The flux-density variation repeats every 3 stator teeth; therefore, only one-quarter of the IPMSM needs to be considered to obtain the complete flux-density distribution. As shown in Fig. 5 , the rotor rotates anticlockwise and contains permanent magnets, whereas the stator is fixed and contains 3-phase windings (A, B, C) . The rotor and stator generate the common rotating magnetic field. The 2D electromagnetic FE model is used to obtain the basis functions for the EFRM and is also included in the conventional multiphysics FEA approach. The basis functions in this case study are spatially discretized with 900 points along the air-gap and obtained for 400 different rotor positions (to include the spatial machine harmonics) and 21 different current levels I d or I q from -5 A to 5 A (to consider the saturation effect). The whole basis functions are pre-calculated in 42 h. By using the basis functions, the flux-density distribution at any rotor position with any current value lower than the rated current can be interpolated and rebuilt with Eqs. (7) and (8) . Fig. 6 shows the basis functions at rotor position 0° contributed by the d axis flux, which are The EFRM was validated with a co-simulation using Maxwell and Simplorer in the ANSYS commercial package. The tested case used PWM voltage excitation with the fundamental component at a frequency of 100 Hz and a switching frequency at 3000 Hz, shown in Fig. 3 . To compare the results in steady state at least 3 electrical cycles must be accomplished. Using a small time step (1 μs) results in 3 · 10000 = 30000 steps, which are computed in 75 h with a 2D electromagnetic FEA or 3 s with the EFRM. Figs. 8 and 9 show the resulting phase current and magnetic force in the time and frequency domains. The frequency-domain contents show that the PWM switching harmonics are also transmitted in the phase current and magnetic force. Although the EFRM is approximate, good agreement with the FEA results is seen with respect to both the time and frequency domains.
3D Mechanical Model
The electromagnetic and mechanical models are coupled with a response model. The latter can be calculated using exported modal data from the FEA. A 3D mechanical FE model is meshed with almost 120,000 nodes, but the response model can be reduced since the only needed FRFs are between the excitation and response locations, shown in Fig. 10 :
• Excitation locations
The air-gap force density around each stator-tooth tip causes the resultant net force and torque on its center. To involve both excitation type sources, every stator-tooth tip surface is halved, containing the net force on both halves. The stator has 12 teeth and therefore 24 excitation locations (index k).
• Response locations
The size of the response surfaces is defined in accordance with the well-known six-elementsper-wavelength criterion [23] . To predict the noise up to 20 kHz, the maximum response surface length should be less than one-sixth of the corresponding wavelength, which is around 2.8 mm. As shown in Fig. 10 , the model contains 1360 response locations on its outer surface (index j). Fig. 10 . 3D mechanical FE model of the stator Using the modal decomposition, the response matrix Eq. (16) is described in terms of modal shapes, frequencies and damping. The modal data are imported from the commercial FEA only for the selected locations, forming the reduced response model. Thus, the length of the array for the reduced response matrix is 24 · 1360 · 3 · 3 = 293760, where the last two multipliers stands for the 3 excitation directions of each excitation location and the 3 response directions of each response location. After importing the modal data, all these displacement FRFs are calculated using Eq. (17) in 3 minutes. It should be noted that the FRFs are calculated only once and then reused for coupling different PWM excitations with structural dynamics. Fig. 11 shows an example of the displacement FRF H jx,ky (ω) of a response point j in the x direction to an excitation at point k in the y direction, which are marked in Fig. 10 . The FRF curve, calculated with modal decomposition (MD), was also validated by using the Harmonic response module in the ANSYS 18.1. Fig. 11 . FRF H jx,ky (ω) from the stator-tooth tip "k" to the outer subsurface "j"
Vibration Response and Sound Power Level
Similarly as shown in Fig. 9 for single magnetic force, now magnetic forces are calculated for all 24 excitation locations in three coordinate directions (x, y, z) and transformed in the frequency domain to build the force excitation vector F(ω). By using the force excitation vector and the response matrix, Eq. (16), the vibration-velocity response vector is calculated efficiently with matrix multiplication, Eq. (19) . Fig. 12 shows the vibration-velocity response in the x direction for location j, including both, the EFRM-MD and FEA results. The frequency contents in both curves are in a good agreement, showing that the proposed method approximates the FEA results with a small error.
Further, the vibration-velocity response vector, calculated for all the response locations in three coordinate directions (x, y, z) , is transformed in the surfaces' normal direction, shown in Fig. 13 . These vibration-velocity components represent the input for the acoustic field simulation, e.g., using the boundaryelement method [15] . However, by using the outer surface segments S j and the vibratory components perpendicular to them ν aj , the sound power level can also be estimated via Eq. (21) . Fig. 14 shows the sound power level calculated with the FEA and with Eq. (21) using the radiation efficiency σ = 1. This assumption leads to a conservative estimate of the radiated air-borne sound power, but it is valid at higher frequencies [24] . Since the article is focused on the high-frequency PWM switching noise, the presented estimation of the sound power level is acceptable. 
PARAMETRIC STUDY AND COMPUTATIONAL EFFICIENCY
The proposed method enables a fast sound power level estimation and therefore a parametric study can be made within a few minutes. To show the computational efficiency, an example with many different PWM excitations is used, where each contains the same fundamental component, but a different PWM carrier frequency. The included PWM excitations result in the same motor speed and torque, but contain different PWM switching harmonics, Eq.
(1). The proposed approach is used for different PWM excitations to estimate the total sound power level. Its dependency on the PWM carrier frequency is shown in Fig. 15 , which contains 197 different excitation cases (400 Hz, 500 Hz, …, 20000 Hz). The excitation case, where any of the PWM switching harmonics excite the stator natural frequency, results in greater noise. However, there are also excitation cases where the PWM switching harmonics interact with the antiresonant regions in the FRF curves ( Fig. 11 ), resulting in low total sound power levels. Fig. 15 shows that an appropriate PWM carrier frequency can decrease the total sound power level by more than 30 dB(A).
To proove the general usage of the proposed approach, a few characteristic excitation cases were validated also with FEA, shown with black markers in Fig. 15 . Mean difference in total sound power level betwen the proposed method and the FEA results is 1.5 dB(A), while the standard deviation is 0.8 dB(A).
Good agreement prooving that carrier-frequency selection has a great impact on structure-borne noise.
The main advantage of the proposed method is the computational efficiency. At the beginning the basis functions and the modal data must be pre-calculated using the FEA, which takes around 43 h, but then the sound power level for any PWM excitation can be calculated in a few seconds. For example, the curve in Fig. 15 contains 197 different excitations and is calculated in 10 minutes. The same parametric study using only the conventional FEA tools in an identical computational platform would take more 600 days, i.e., 197 · 75 h = 14775 h.
CONCLUSION
This article introduces a fast multiphysics numerical modeling of the structure-borne noise at PWM excitation. Firstly, the PWM excitation is used with the EFRM to obtain the electromagnetic forces on the tips of the stator teeth. Then these electromagnetic forces are coupled with the structural model to calculate the vibration-velocity response. The coupling between the electromagnetic and mechanical domains is made with the response model, which can be calculated directly in the frequency domain. Finally, the vibration-velocity response of all the outer surfaces is used to estimate the sound power level of the structure-borne noise. To prove the credibility, each step of the method is validated with the corresponding FEA. Detailed influence of the PWM carrier frequency on the structure-borne noise has been researched experimentally already before, but proposed manuscript shows how it can be estimated also numerically. Other researchers used different analytical and numerical approaches, where the first are less acurate but the second are time consuming. Instead of electromagnetic FEA an efficient EFRM can be used. EFRM was proposed in 2016, but we upgraded and validated it into the multiphysics method to calculate the structure-borne noise accurately and efficiently. If the data pre-calculation is not taken into account, the proposed method is more than 10 4 times faster than a conventional multiphysics FEA and is therefore very useful for parametric noise studies at different PWM excitations.
